We prove the convergence of the theta functional for loop group Weil representation under certain natural conditions and discuss the modularity.
Introduction
The metaplectic group Mp 2n is a double cover of the symplectic group Sp 2n . It can be defined for any local field F using the Hilbert symbol of F . The group Mp 2n (F ) has a distinguished unitary representation, the Weil representation, which plays an important role in the study of theta functions and automorphic forms. A generalization of Weil representation for loop symplectic groups was constructed by one of us in [11] . As in the finite dimensional case, the Weil representation for the loop group Sp 2n (F ((t))) is a projective representation, and it gives rise a central extension Sp 2n (F ((t))) of the loop group Sp 2n (F ((t))) which we call the metaplectic loop group. The space S(t −1 F [t −1 ] 2n ), formed by the Schwartz functions on the space t −1 F [t −1 ] 2n , is a model of the Weil representation of the loop metaplectic group, where a function on an infinite dimensional F -space such as t −1 F [t −1 ] 2n is called a Schwartz function if its restriction on each finite dimensional F -subspace is a Schwartz function in the usual sense.
In the finite dimensional case, the Weil representation for Mp 2n admits an important linear functional, the theta functional. We recall two related formulations that have generalizations to the loop group case. The first formulation involves only the real number field R and its discrete subring Z. We let L 2 (R n ) be the usual model of the Weil representation for Mp 2n (R), and the dense subspace
is closed under the group action. The theta functional is
And it is invariant under the congruence subgroup Γ 1,2 , where Γ 1,2 is the subgroup of Sp 2n (Z) consisting of g ∈ Sp 2n (Z) such that g mod 2 is an isometry of the quadratic form Q on (Z/2Z) 2n given by
The second formulation is more general and involves a number field F and its adele ring A. The space L 2 (A n ) is a model for the adelic metaplectic group and S(A n ) is a dense subspace closed under the group action. The theta functional is
and it is invariant under Sp 2n (F ). In the case that F = Q and f = v f v ∈ S(A n ) with all the p-adic components f p equal to the characteristic function of Z n p , the adelic theta functional reduces to the real theta functional.
A generalization of the first formulation of the above theta functional was given in [11] . The comparison with the finite dimensional case suggests that the theta functional should be defined as
(1)
The problem is that Eq. (1) 
is convergent for f ∈ V and invariant under the loop group analog of the congruence subgroup Γ 1,2 .
A generalization of the theta functional for the Weil representation of the adelic loop metaplectic groups is given in [4] . The result was used to prove a loop group analog of the Siegel-Weil formula [4] . In both the real case and the adelic case, one needs to introduce a twist operator in the formulation of the theta functional and the proof of its convergence. Such an operator is induced from the automorphism of the field F ((t)) given by an element q ∈ F * . Such a q gives the automorphism f (t) ∈ F ((t)) → f (qt). It lifts to an automorphism of the loop symplectic group Sp 2n (F ((t))) in the obvious way, and it can be proved that it lifts to an automorphism of the metaplectic loop group.
In the adelic case, for each local completion F v of the number field F , each q v ∈ F * v , we have an automorphism for the loop metaplectic group Sp 2n (F v ((t))). If (q v ) is an adele of F , then it gives the automorphism for the adelic metaplectic loop group. The convergence result for the theta functional in [4] was proved under the condition that all |q v | v 1 and v |q v | v > 1. However the geometric interpretation of twist operators for the functional field case [8] suggests that the natural condition should be v |q v | v > 1, the conditions |q v | v 1 is redundant. The purpose of this work is to give a proof of this convergence result (Theorem 3.1). An estimate of van der Geer and Schoof [5] about h 0 (L) of an Arakelov line bundle L on an arithmetic curve is used in the proof. We also prove the convergence of the theta functional for a function that is a polynomial times a suitable Gaussian function. In Garland's work about the arithmetic quotients and the Eisenstein series for loop groups [1] [2] [3] , the twist operators appear in the formulation of the problems and the condition similar to
is also needed to prove important results.
The organization of this paper is as follows. In Section 2, we recall the construction of Weil representation in [4, 11] and fix the notations. In Section 3, we define the theta functional and prove our main result (Theorem 3.1).
Metaplectic loop group and the Weil representation
In this section, we recall the Weil representation of a loop symplectic group over a local field and the metaplectic loop group constructed in [11] . We then recall the construction of the adelic metaplectic loop group for a number field and the adelic Weil representation [4] .
Let F be a local field of characteristic 0 and ψ be a non-trivial additive character of F . For a standard 2n-dimensional symplectic space F 2n over F with symplectic form , , the space
given by the scalar extension. It gives an F -valued symplectic form on F ((t)) 2n by taking the residue:
where Res a for a ∈ F ((t)) is the coefficient of t −1 in a. The spaces (2) with respect to the decomposition F ((t))
We sometimes write α g , β g , γ g , δ g to indicate the operators which are associated with g. For a symplec-
2n , the condition that X + g and X + are commensurable is equivalent to dim Im γ g < ∞.
The Heisenberg group associated to the infinite dimensional symplectic space F ((t))
with the group structure given by is a Schwartz function.
For a given non-trivial additive character ψ : F → U 1 , where U 1 is the set of complex numbers of modulus 1, the Heisenberg group H acts on S(X − ) in the usual fashion so that a central element (0, c) acts as ψ(c).
2n , X + ) with decomposition Eq. (2), and a choice of Haar measure on Im γ , we define an operator T g on S(X − ) by
where
The operator T g is compatible with the Heisenberg group action: i.e., for each h ∈ H ,
One can prove that
for a proof. By restriction, we have a projective representation of Sp 2n (F ((t))) on S(X − ). The Steinberg symbol for the representation is given by the following: for w 1 
where (w) = 0 or 1 according the valuation of w with respect to the local parameter t is even or odd, C (w 1 , w 2 ) is the tame symbol of w 1 and w 2 , | | is the standard absolute value on F * defined by the condition that vol(cU ) = |c| vol(U ) for a Haar measure vol on the additive group F , γ (c, ψ) is the Weil index of c defined by the condition that the Fourier transform
see [10] . Unlike the Hilbert symbol on F * and the tame symbol on F ((t)) * , the symbol (w 1 , w 2 )
above does not satisfy the K 2 relations, instead it satisfies the following weaker relations:
According to [7] , a symbol on F ((t)) * satisfying Eq. (6) . The group Sp 2n (F ((t))) for n 2 can be described as the group generated by root vectors x α (a), where α ∈ 0 and a ∈ F ((t)), and the relations Eqs. (7), (8) and (9) below:
If α and β are roots and α + β = 0, then
where the product is over all the roots iα + jβ, i > 0, j > 0 and the coefficients c ij ∈ Z are given in terms of the Chevalley basis of g. If α + β is not a root, then the right-hand side is 1. See [9] for the precise meaning of the right-hand side. For a ∈ F ((t)) * , we set
where (a, b) is the symbol in Eq. (5), and θ is the longest root of Sp 2n . The relations for the case Sp 2 = SL 2 is slightly different, see [4] . The group Sp 2n (F ((t))) can be described as the group with generatorsx α (a), where α ∈ 0 and a ∈ F ((t)), and relations Eqs. (7), (8) and
To describe the action π :
, it is sufficient to describe the action of the
(3) with the Haar measure on Im γ g as the counting measure, i.e., the volume of {0} is 1. For general a ∈ F ((t)), we can find a diagonal element of type
Note that T t k is as in Eq. (3) and the conjugation above is independent of the choice of the Haar measure for Im γ t k . And c ∈ C * acts as scalar multiplication by c. It is clear that, for g ∈ Sp 2n (F ((t))), g ∈ Sp 2n (F ((t)) ) the image of g, π(g) equals to Tḡ up to scalar.
The reparametrization group of F ((t)) is by definition
Aut
And it acts on the space F ((t)) dt of formal 1-forms (from the right) by
We view the first n components in X = F ((t)) 2n as elements in F ((t)) and the last n components as elements in
Since the residue of a 1-form is independent of the local parameter, the action preserves the symplectic form. And when we write σ ∈ Aut F ((t)) as in Eq. (2), it is clear that γ = 0, so we may view
It is easy to check that
The multiplicative group F * is a subgroup of Aut F ((t)) by the embedding c → ct, the action of
The group Aut F ((t)) also acts on Sp 2n (F ((t))) as automorphism (see [4] ). Since the Aut F ((t))-action on F ((t)) preserves the symbol in Eq. (5), the Aut F ((t))-action on Sp 2n (F ((t)) ) lifts to an action on Sp 2n (F ((t)) ) and therefore an action of Aut F ((t)) on the semi-direct product Sp 2n (F ((t)) ) H . And S(X − ) is a representation of the semi-direct product group Aut F ((t)) ( Sp 2n (F ((t))) H) .
Let B be the subgroup of Sp 2n (F ((t)) (F ((t)) ). It is clear the center C * ⊂ B. Let N be the subgroup generated by w α (a) with α ∈ 0 and a ∈ F ((t)) * . Then (B, N) is a BN-pair for Sp 2n (F ((t)) ) with the affine Weyl group W as the Weyl group. This can be proved using the pull-back of the standard BN-pair for Sp 2n (F ((t)) ) under the map
We can define a "maximal compact subgroup" K of Sp 2n (F ((t))) so that all the expected properties are satisfied [4] . 
T denotes the transpose of g(t −1 ).K may be regarded as a "maximal compact subgroup" of Sp 2n (R((t, )) ). If F = C, the image of K under the map Eq. (12) is
K may be regarded as a "maximal compact subgroup" of Sp 2n (C((t))). The Iwasawa decomposition holds Sp 2n F ((t)) = B K .
We recall some lemmas in [4] . 
Lemma 2.1. There is a splitting homomorphism Sp 2n (F [[t]]) → Sp 2n (F ((t))).

With this lemma, we shall regard Sp 2n (F [[t]]) as a subgroup of Sp 2n (F ((t))). Also it is clear that
where (x, x) g is a C-valued quadratic form on t −1 R[t −1 ] 2n with imaginary part positive definite, and c is a scalar. We call the space of all such quadratic forms ( , ) g as g varies on
T Sp 2n R((t))
(where T is in Aut R((t))) a loop upper half space (it depends on T ). See [11] for the proof of the above assertions. The similar results hold for C. In the remainder of this section, we assume F is a number field. We have, for each place v of F , a representation of the semi-direct product Aut
2n . We now define the adelic metaplectic loop group for Sp 2n and its Weil representation.
Let A denote the ring of adeles of F , and ψ = Πψ v be a non-trivial character of A/F . For a nonArchimedean place v, O v denotes the ring of integers. We let
And we let
F t = A t ∩ F ((t)).
An element a ∈ F ((t)) is in F t if and only if for almost all finite places v, a ∈ O v ((t)).
The above definition F t also makes sense for a functional field F of a curve C , it has the geometric interpretation as the function field of a ribbon based on C (see [6] for the definition of ribbon). It is easy to prove that F t is a subfield of F ((t)).
The adelic loop group for Sp 2n without central extension is defined as Sp 2n (A t ). It is clear that Sp 2n (A t ) is the restricted product of Sp 2n (F v ((t))) with respect to "maximal compact" subgroups Sp 2n (O v ((t))). The adelic metaplectic loop group Sp 2n (A t ) is defined as the restricted product
v Sp 2n (F v ((t))) with respect to "maximal compact" subgroups K v . We have the exact sequence
We can also define the adelic group for Aut F ((t)). For F v = R, we define the maximal "compact" subgroup of Aut R((t)) as {−t, t}. If F v = C, we define the maximal "compact" subgroup of Aut C((t)) as {ct | |c| = 1}. If F v is a non-Archimedean local field, we define the maximal "compact" subgroup of Aut F v ((t)) as the subgroup consisting of elements Because the local symbols in Eq. (5) satisfy the product formula
Lemma 2.4. There is a splitting homomorphism Sp 2n (F t ) → Sp 2n (A t ).
We may regard Sp 2n (F t ) as a subgroup of Sp 2n (A t ).
Theta functional
We continue to assume F is a number field. In this section, we first introduce a certain func-
2n that is closed under the action of the adelic metaplectic group Sp 2n (A t ). For T ∈ Aut A t satisfying certain conditions, we construct theta functional θ :
2n ) → C and prove that it is invariant under Sp 2n (F t ). The definition of functional θ is similar to the classical case:
The main problem is to find a suitable subrepresentation on which θ is convergent.
For a finite place v, a subgroup of the Heisenberg group 
2n ) is closed under the action of K v [4] . And an elementary function is supported in π
2n for some m [4] .
be the space of functions on t −1 A[t −1 ] 2n which are finite linear combinations of π(g)Πφ v , where g ∈ Sp 2n (A t ), φ v = φ 0,v for all infinite places v and almost all finite places v, and every remaining φ v is an elementary function. It is clear that
We introduce semi-subgroups of Aut A t by
Since Aut A t normalizes Sp 2n (A t ), for any given T ∈ Aut A t + , the space T · E(t −1 A[t −1 ] 2n ) is closed under the action of Sp 2n (A t ).
We now define, for a given T ∈ Aut A t + , a functional
and prove that it is invariant under the arithmetic subgroup Sp 2n (F t ). The theta functional is defined
Our main result is:
If T ∈ Aut A t >1 , the convergence was proved in [4] . First we need some lemmas analogous to Lemmas 4.7 and 4.8 in [11] . 
Using Lemma 3.2 repeatedly, we can prove: 
be an A-linear operator. If U is blockwise unipotent, i.e., 
be an F S -linear operator satisfying the condition
We like to give a simple application of Lemma 3.3. We first define an Arakelov bundle of rank r over the arithmetic curve SpecO to be a projective O-module L of rank r together with an in- 
) and suitable choices of f 1 , f 2 and U , the inequality in Lemma 3.3 is equivalent to
The analogous inequality for a short exact sequence of vector bundles on a curve is trivial.
We also need a lemma in [5] . We remark that the function field analog of this lemma is that H
Proof of Theorem 3.1. For each place v, T v can be factorized as a product
We may assume f = Π f v such that f v = φ v,0 for almost all finite places v. Let S be a finite set of places containing all infinite places v and all finite places v with 
So we need to prove the convergence of 
, 
where 
